Abstract. We show that 17X97 of all elliptic curves over Q, ordered by their exponential height, are semistable, and that there is a positive density subset of elliptic curves for which the root numbers are uniformly distributed. Moreover, for any a b 1a6 (resp. a b 1a12) the set of Frey curves (resp. all elliptic curves) for which the generalized Szpiro Conjecture jDEj ( a N 12a E is false has density zero. This implies that the ABC Conjecture holds for almost all Frey triples. These results remain true if we use the logarithmic or the Faltings height. The proofs make use of the ¢bering argument in the square-free sieve of Gouveª a and Mazur. We also obtain conditional as well as unconditional lower bounds for the number of curves with Mordell^Weil rank 0 and X 2, respectively.
Introduction
Denote by DE and N E the minimal discriminant and the conductor of an elliptic curve EaQ. The Szpiro Conjecture [20] asserts that for every e b 0 there exists a constant C 1 e b 0 such that
This statement is optimal, in that for any constant C 1 0 b 0 there exists in¢nitely many curves EaQ for which (1) is false with e 0 [14] . The Szpiro Conjecture is closely related to the ABC Conjecture, which asserts that for any e b 0 there exists a constant C 2 e b 0 such that, for any pairwise coprime integers AY BY C with A B C 0, and A 0 mod 16Y B À1 mod 4X 3
Given a such a triple, Frey [6] showed that the curve E AYBYC X y 2 xx Ax À B is semistable. Such curves are called Frey curves. It is known that the ABC Conjecture is true if and only if (1) is true for all Frey curves (which in turn is true if and only if (1) is true for all elliptic curves; resp. all semistable curves [15] ). In particular, the Szpiro Conjecture is true if and only if the ABC Conjecture is true (where in the`only if' direction, the exponent 1 e in (2) is to be replaced by 6a5 e; cf. [15, x3] ). In this paper we show that the Szpiro Conjecture is true for the set of all elliptic curves over Q (resp. Frey curves) except for a set of density zero, by deriving asymptotic formulae for various collections of elliptic curves of bounded height. It follows that the ABC Conjecture holds for almost all Frey triples (with the weaker exponent 6a5 e). We also apply these asymptotic results to study questions about equidistribution of root numbers, and to derive lower bounds for the number of elliptic curves of rank 0 and X 2, respectively.
Denote by c 4 EY c 6 E and jE the usual quantities associated to a minimal Weierstrass equation of EaQ. Then the exponential height and the logarithmic height of EaQ are de¢ned to be h e E mxjc 4 For any positive real numbers aY C and any semistable curve EaQ, consider the following statement:
SZaY CX h F E W a log N E C log log N E X For any a b 1a2 (and replacing log log N E by 1) this is equivalent to the Szpiro Conjecture [20] .
The ¢rst part of the following theorem is essentially [7, Thm. 2] (cf. Section 7).
THEOREM 2. (a)
For any real number a b 1a12 there exists a constant C a b 0 depending only on a, such that 5fE P S s xX SZaY C a is false for Eg o a x 10 X De¢ne F x fE P S s xX E is a Frey curvegX
While the Szpiro Conjecture is true for all elliptic curves over Q (resp. all semistable curves) if and only if it is true for all Frey curves,the method in [7] does not seem to yield for Frey curves an analog of Theorem 2(a). By sieving lattice points in homogeneous expanding domains we obtain the following result. 
There exists an absolute constant c b 0, such that for any number a b 1a6 there exists a constant C a depending on a only, such that
(c) If a`1a6, then for any constant C, the set of Frey curves for which SZaY C is false has positive density.
Utilizing Theorem 3 we can deduce that the ABC Conjecture with a weaker exponent holds for almost all Frey triples. More precisely, for any positive numbers aY g b 0 and any coprime integers AY BY C with A B C 0, consider the following statement
For any a b 1 this gives the ABC Conjecture. COROLLARY 1. For any l b 6a5 there exists a constant C l b 0 depending on l only, such that the number of Frey triples AY BY C for which ABClY C l fails and with mxjAjY jBjY jCj`x, is ( l x 2 a log 1a12 x.
We now study the question of equidistribution of root numbers. Following Rohrlich [16] , we denote by W E the global root number of EaQ. It takes the value AE1, and it is equal to the sign of the functional equation of the L-function of the (modular) elliptic curve EaQ.
Let S 1 xb0 S 1 x. For any elliptic curve EaQ, denote by E À1 the quadratic twist of E by Q À1 p . 
À1
oE W E yx 10 log À1a2 xX COROLLARY 2. Let e AE1; then
In particular, a positive portion of all elliptic curves over Q have root number 1 (resp. À1).
Assuming the generalized Riemann hypothesis for the L-function of elliptic curves plus the modularity conjecture, Brumer [1] showed that the average analytic rank of elliptic curves over Q, ordered by their Faltings height, is W 2X3; Brumer informed us that Heath-Brown has improved this to W 2X0 (unpublished). However, from these conditional results we still cannot deduce that a positive portion of the curves have rank zero. By working with quadratic twists we have the following partial results. Denote by rnk MW E and rnk an E the Mordell^Weil rank and analytic rank of EaQ, respectively. Recall that by the work of Kolyvagin et al., these two quantities coincide if E is modular and rank an E W 1. THEOREM 5. We have the unconditional estimate
Assume the Riemann hypothesis for the zeta functions of the Rankin^Selberg convolutions of the weight 3a2-modular forms associated to semi-stable elliptic curves by the Shintani^Shimura lift. Then we have the lower bound
In view of their computations with curves of prime conductors, Brumer and McGuiness [2] asked if for every nonnegative integer n there exists a positive portion of elliptic curves with rank n. Little seems to have been proved in this direction; for the record we state the following result. THEOREM 6. We have the unconditional estimate
In view of the crucial relation (4), we get COROLLARY 3. The six Theorems above plus Corollary 2 remain true if we use the logarithmic or Faltings height instead of the exponential height, and if were place x 10 and log x by e 10x and x, respectively.
We now give an outline of the paper. In Section 2, we give for any prime p (including 2 and 3) suf¢cient and necessarily conditions for a given Z-Weierstrass equation W to be minimal at p. These conditions involve congruence of c 4 W and c 6 W modulo p np with np`12. This allows us to count elliptic curves by counting pairs of integers satisfying conditions conducive to sieving arguments; cf. for instance the proof of Theorem 1 in Sections 3 and 4. In Sections 5 and 6, we apply the ¢bering argument of Gouveª a and Mazur [9] to bound the number of pairs of integers c 4 Y c 6 such that c 6 have large prime divisors; cf. Proposition 5. This estimate yields the zero-density statements in Theorems 2 and 3; the positive density statements follow from the square-free sieve of nonhomogeneous (resp. homogeneous) cubics. In Section 9, we combine Proposition 5 with Rohrlich's root number calculation [16] and character sums estimates to derive the equidistribution statements in Theorem 4. Finally, in Section 11 we prove Theorem 5 by applying nonvanishing theorems of quadratic twists of L-functions associated to elliptic curves with square-free discriminants; and we prove Theorem 6 by constructing a family of elliptic curves with two independent Q-rational nontorsion points, by lifting to Z elliptic curves over F 3 whose groups of F 3 -rational points are not cyclic.
There are two equidistribution statements in Theorem 4. The ¢rst one is arithmetic in nature. The second statement is more analytic, involving the square-free sieve and character sums estimates. Now, one might object to averaging over À1 oE W E as being unnatural, and in any case we expect that the stronger equidistribution statements
À1 oE c ox 10 and
to be true. The analytic argument in Section 10 can be adapted to show that the second part of (5) follows from the ¢rst part. But this ¢rst part seems to be a very deep problem in analytic number theory: consider the related problem of establishing (5) for curves with square-free discriminants; our argument for Theorem 4 also carries over to this case. The analog of the ¢rst part of (5) is equivalent to the prime number theorem; more precisely, the nonvanishing of the Riemann zeta function on the line es 1 [5, x3X1X4] . It would be interesting to relate (6) to questions about nonvanishing of L-functions.
Minimal Weierstrass Equation
In this section we determine those pairs of integers c 4 Y c 6 which arise from the minimal Weierstrass equations of elliptic curves over Q. Denote by c 4 W Y c 6 W and DW the quantities corresponding to a Weierstrass equation W over Z. We will make repeated use of the basic relation
Our starting point is the following result of Kraus [13] (independently discovered by Mestre). The ¢rst requirement is achieved by imposing congruence conditions; for future references we will also determine the corresponding reduction type. We will make repeated use of the following standard fact. 
and v 2 c 6 3 (good); or (e) v 2 c 4 X 4 and v 2 c 6 X 5 (additive or not minimal at 2 ); or (f) c 4 1 16aY c 6 À1 8b, with a b mod 4. The reduction type is either good or multiplicative, with the former type precisely when a T b mod 8Y or (g) c 4 1 8aY c 6 À1 4b, with the following choices for aY b1 mod 16X
Proof. We give the argument for p 2; the case p 3 is similar and simpler. If c 4 is even, then cases (d) and (e) follows immediately from Proposition 1. Now, suppose c 4 is odd, and hence so is c 6 by (7). Then c 2 6 1 mod 8, whence c 4 1 mod 8 by (7) . Write c 4 1 8aY c 6 À1 4b. Then (7) Proof. Given a Weierstrass equation W , any Z-change of variables scales c 4 W and c 6 W by a factor of r À4 and r À6 respectively for some integer r T 0. The conditions for p b 3 then follow from Proposition 1. Moreover,we can assume that for p 2 and 3, either v p c 4 6 given by
6 g 4 Y c 6 2 9 g 6 with g 4 mod 2 7 Y g 6 mod 2 6 given by
In this case the local root number is À 1X
Proof. Since jE is a 2-adic unit, EaQ 2 has potentially good reduction, and the automorphism group of the reduced curve (over F 2 ) has order 2 [17, 6 , then by Tate's algorithm the reduction type over Q 2 of the two corresponding curves are identical; moreover, the same holds if we twist the two curves by the same quadratic ¢eld. Thus to determine the quadratic extension LaQ 2 over which E has good reduction, it suf¢ces to pick any pair g 4 mod 2 7 and g 6 mod 2 6 and then check each of the six rami¢ed quadratic extensions of Q 2 using Lemma 2. Finally, the root number computation follows immediately from [16, Prop. 2(iii) ]. This completes the proof of the Proposition. &
Counting Elliptic Curves: Conditions at p b 3
Let a 1 Y a 2 Y M 1 and M 2 be integers. De¢ne three sets
we have the estimates
Proof. To simplify the notations, write
To estimate 5T it then suf¢ces to estimate 5T 1 and 5T 2 .
Let n runs through all integers including 1 which are W xy, prime to M 1 M 2 , and whose prime divisors are all`log x. Let
Denote by m the Mo« bius function. Then
The y-term is bounded in terms of the number of integers W xy whose prime divisors are all`log x. By [21, p. 359 ], this quantity is ( xye À logxya2 log log x xy 1À1a2 log log x ( xya log xX
On the other hand, if
1 ylog À9 xY so the inverse of the left side above is also 1 ylog À9 x. Consequently,
where the y-constant is absolute. On the other hand,
x 1a4 bp X log x xy p 10 y1 ( xya log 9 x x 1a4 a log xX Combine these two estimates with (9) then yields the ¢rst part of the Lemma. To handle the second part, we work with the sets
for every p such that 3`p`log xgY T To compute SxX 5fEaQX h e E W xg, we need to count the number of pairs c 4 Y c 6 in the set T x 4 Y x 6 Y 1Y 1Y 1Y 1 which satisfy one of conditions fbY cY dY eY f g in Proposition 3 and one of conditions fgY hY iY jY kY lg there. Let e z101 À 2 À10 À1 1 À 3 À10 À1 . As u runs through the labels fbY cY dY eY f g, Lemma 3 furnishes a positive constant t 3Yu such that Denote by j the Euler j-function, and by c (resp. hci) the largest integer W c (resp.`c).
Local Densities
The following is an extension to the non-homogeneous cubic c These two cases are clearly disjoint, and the type (ii) solution contributes to rp v only if p W 3, in which case the contribution is p va22va3 . We now count the type (i) solutions according to their ord. 
If we set the equation above to 0 mod 3 n1 , then y mod 3 is uniquely determined since 3 j T b 1 . Thus every 1 mod 3 n solutions lifts to exactly three 1 mod 3 n1 solutions. By induction we see that there are 3 n type (i) solutions 1 mod 3 n for every n. Together with the type (ii) solutions we then obtained part (a). The same argument takes care of the case p 2. Now, suppose p b 3. From (10) we get
We can rewrite this as
Since p b 3 and v b l, the number of solutions 1 mod p vÀl to x 6 1 is r 1 p, so the number of solutions 1 mod p vÀl to (11) 
A Fibering Argument
The following estimate is the backbone of our subsequent sieve arguments. 
Y
Using the method of large sieve plus the Riemann hypothesis for curves, Hooley [11, x4X3] showed that, for m`A 3 x 4 log À4a3 x (A 3 a constant),
Moreover, Gouveª a and Mazur [9, Lem. 11] showed that the y-constant is independent of c 6 .
Remark. Gouveª a and Mazur assumed that both m and c 6 are positive; a quick inspection of their argument shows that this hypothesis was not invoked. Also, note that the proof the Sublemma there makes no use of the fact that the polynomial f b u there is homogeneous in u and b.
The contribution to (13) from primes p b x 4 log x p is then 
Szpiro Conjecture
Denote by EaY b the elliptic curve over Q given by the model
This is essentially Theorem 2(a), except that the Weierstrass equations in (15) need not be minimal at 2 and 3, and that Theorem 2 deals with semistable curves only. In light of Proposition 3, these requirements can be achieved by imposing congruence conditions on a and b in (15) . The arguments in [7] readily adapt to such congruence conditions, from which Theorem 2(a) follows. Theorem 2(b) is an immediate consequence of the following Proposition.
PROPOSITION 6. Let S f x be the set of elliptic curves EaQ of height W x such that DE are square-free and are prime to 6. Then 5S f x ) x 10 . Proof. The discriminant of the Weierstrass equation 
Rx fAY B P R 0 xX 64A 3 27B 2 is square-freegX Thus Rx corresponds naturally to a subset of S f x. We claim that 5Rx $ x 10 a2 7 3 3 p 2 , from which the Proposition follows. This is very similar to the proof of Theorem 1 so we will be brief.
For any integer M b 0, denote by rM the number of integer pairs AY B which are incongruent mod M, such that 3 j T AY 2 j T B, and that 64A 3 27B 2 0 mod M. De¢ne
2 for any prime p`log xgY
2 for some prime p X log xgX
Then 5Rx 5R 1 x y5R 2 x. We now compute the size of these two sets. The congruence conditions on A and B imply that 5s M x 0 if 4jM or 9jM. Thus as m runs through square-free integers whose prime divisors are all less than log xa10, we get Remark. This argument can be re¢ned to give an asymptotic formula for the size of S f x, as we did for Sx and S H x. We do not require such a result and so will not pursue this.
Counting Frey Curves
Recall that a subset D of R n is n À 1-Lipschitz parameterizable if its boundary dD can be covered by the images of a ¢nite number of functions j i X 0Y 1 nÀ1 3R n , such that for each i, there exists a constant l i b 0, called the Lipschitz constant for j i , such that jjx À jyj W l i jx À yj for any xY y P 0Y 1 nÀ1 . The following Lemma is a straight-forward adaptation of the argument in [12, p. 128 ].
LEMMA 6. Let D be a subset of R n such that dD is n À 1-Lipschitz parameterizable. Let L & R n be a lattice with fundamental domain F . Fix an element P P L. Then for any integer m X 1 and any t W 1,
where the y-constant depends only on LY n and the Lipschitz constants, but not on m and P. &
Recall that a Frey curve is a semistable curve corresponding to a Frey triple AY BY C as de¢ned in the Introduction. Note that the sign condition in (3) uniquely pin down a Frey triple among its six permutations (astriples of numbers). LEMMA 7. Distinct Frey triples correspond to non-isomorphic Frey curves.
Proof. Suppose that two Frey triples AY BY C and aY bY g correspond to isomorphic curves. Then there is a Q-rational change of variables Recall that A 0 mod 16Y B À1 mod 4, and AY B 1. Let M Aa2Y N B À Aa2, and denote by D the 2-dimensional region bounded by
and let P 1Y 0. Then we are reduced to count the number of points mY n P x 2 D P L with the additional property that mY n 1. As l runs through all square-free integers whose prime divisors are W log x, we get
Approximate D by rectangular grids and we get numerically volD 0X2233. This completes the proof of Theorem 3(a).
(ii) 5Gx 5F x yx 4 log À1 x.
Proof. LEMMA 13. Let a b 1 mod 11; then P 1 and P 2 generate a free, rank 2 subgroup of E aYb Q. Proof. Suppose otherwise; then t 1 P 1 t 2 P 2 P E aYb Q tor for some integers t 1 Y t 2 ,not both zero. Moreover, we can assume that at least one t i is odd. If a b 1 mod 11, then E aYb has good reduction at 11, so the prime-to-11 part of E aYb Q tor injects into E aYb F 11 . On the other hand, if a b mod 11, then 5E aYb F 11 11, while Mazur's Theorem implies that E aYb Q has no 11-torsion. Thus t 1 P 1 t 2 P 2 0. Since P 1 and P 2 generate E aYb F 3 9 Za2Z Â Za2Z and at least one t i is odd, this is a contradiction. & Proof. Replace x by x À a and the Weierstrass equation (28) 
Root Numbers of Elliptic Curves

